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Abstract
The tripleability of the category of crossed n-cubes is studied. The leading cotriple homology of
these homotopy (n+ 1)-types is investigated, describing it as Hopf type formulas.
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It is well known that there exist elegant algebraic models of connected CW-spaces whose
homotopy groups are trivial in dimensions more than n + 1, called homotopy (n + 1)-
types. These algebraic models are catn-groups introduced by Loday in [18], generalising
the notion of crossed modules ﬁrstly given byWhitehead in [24] as a means of representing
homotopy 2-types, or equivalently more combinatorial algebraic systems, crossed n-cubes,
invented by Ellis and Steiner in [9]. A number of papers of the last years are dedicated to
the investigation of homological properties of these objects.
In [8] Ellis and in [2] Baues introduced and investigated the (co)homology of crossed
module as the (co)homology of its classifying space, neglecting its algebraic structure.
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In [16] Ladra and Grandjeán gave the ﬁrst approach to an internal homology theory of
crossed modules taking into account its algebraic structure.
Later, in [4] Carrasco et al. made the observation that the category of crossed modules is
an algebraic category, that is, there is a tripleable “underlying” functor from the category of
crossed modules to the category of sets, implying a purely algebraic construction and study
of cotriple (co)homology theory.
In [10] Grandjeán et al. gave a connection of these two homology theories of crossed
modules by the dimension shifting isomorphism, whilst, in [5] Casas et al. have recently
generalised this result to higher pattern for catn-groups.
The aim of this paper is to investigate the homology of homotopy (n + 1)-types from
a Hopf formulas point of view, using a purely algebraic method of m-fold ˇCech derived
functors introduced in [6] (see also [12]).
The ˇCech derived functors of group valued functors were introduced in [19] (see also
[11,6]) as an algebraic analogue of the ˇCech (co)homology construction of open covers of
topological spaces with coefﬁcients in sheaves of abelian groups (see [23]). Some applica-
tions of ˇCechderived functors to classical group (co)homology theory,K-theory, non-abelian
homology of groups and Lie algebras and Conduché-Ellis homology of precrossed modules
were given in [19,20,13–15]. In [12] (see also [6]) the notion of the ˇCech derived functors
has been generalised to that of the m-fold ˇCech derived functors of group valued functors
(where m is a ﬁxed non-negative integer). Based on this notion a new purely algebraic
method for the investigation of higher integral group homology is given in [6] (see also
[12]).
In the current paper the m-fold ˇCech derived functors of group valued functors from
the category of crossed n-cubes is treated. In particular, we calculate the mth m-fold ˇCech
derived functor of the certain abelianization functor Ab from the category of crossed n-
cubes to the category of groups, implying the expression of the cotriple homology of crossed
n-cubes (catn-groups) as generalised Hopf type formulas. Our main result has the form:
Main Theorem (Generalised Hopf Type Formulas). LetM be a crossed n-cube and X its
projective exact m-presentation. Then there is an isomorphism
Hm+1(M)
⋂
i∈〈m〉Ri〈n〉 ∩
∏
B∪C=〈n〉[X(∅)B,X(∅)C]∏
A⊆〈m〉(
∏
B∪C=〈n〉[
⋂
i∈A RiB,
⋂
i /∈A RiC])
, m1,
where Ri = Ker(X(∅) → X({i})) for i ∈ 〈m〉.
This result generalises the Hopf formulas for higher integral group homology [3] (see
also [6]) and Hopf formula for the second CCG-homology of crossed modules [4].
We are setting up the following Notations and Conventions: For a non-negative integer n
we denote by 〈n〉 the set of ﬁrst n natural numbers {1, . . . , n}. For any set A its cardinality
is denoted by |A|. For a and b elements of a group, [a, b] is the commutator aba−1b−1. We
denote by Gr and Set the categories of groups and sets, respectively.
We begin by the examination of two equivalent algebraic models of homotopy (n+ 1)-
types, catn-groups and crossed n-cubes [18,9], recalling some needed results and notions
for our future purpose.
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Recall from [18] that a catn-group is a group G together with 2n endomorphisms si, ti :
G → G, 1 in, such that
tisi = si, si ti = ti , [Ker si,Ker ti] = 1 for all i,
sisj = sj si , ti tj = tj ti , si tj = tj si for i = j.
A morphism of catn groups f : (G, si, ti) → (G′, s′i , t ′i ) is a group homomorphism
f : G → G′ satisfying s′if = f si and t ′if = f ti for 1 in. We obtain the category of
catn-groups denoted by Catn.
Later, in [9], the higher dimensional analogues of crossed modules were introduced,
called crossed n-cubes.
A crossed n-cube of groups is a familyM = {MA : A ⊆ 〈n〉} of groups together with
homomorphisms i :MA →MA\{i} for i ∈ 〈n〉,A ⊆ 〈n〉 and functions h :MA×MB −
→ MA∪B for A,B ⊆ 〈n〉, such that if ab denotes h(a, b) · b for a ∈ MA and b ∈ MB
with A ⊆ B, then for all a, a′ ∈MA, b, b′ ∈MB , c ∈MC and i, j ∈ 〈n〉, the following
conditions hold:
i (a)= a if i /∈A,
ij (a)= ji (a),
ih(a, b)= h(i (a),i (b)),
h(a, b)= h(i (a), b)= h(a,i (b)) if i ∈ A ∩ B,
h(a, a′)= [a, a′],
h(a, b)= h(b, a)−1,
h(a, b)= 1 if a = 1 or b = 1,
h(aa′, b)= ah(a′, b)h(a, b),
h(a, bb′)= h(a, b)bh(a, b′),
ah(h(a−1, b), c)ch(h(c−1, a), b)bh(h(b−1, c), a)= 1,
ah(b, c)= h(ab, ac) if A ⊆ B ∩ C.
A morphism of crossed n-cubes,  : M → N, is a family of group homomorphisms
{A : MA → NA,A ⊆ 〈n〉} commuting with the i and the h-functions. The resulted
category of crossed n-cubes of groups will be denoted by Crsn.
According to [18] the category of cat1-groups is equivalent to that of crossed modules
and the category of cat2-groups to that of crossed squares. One of the main result of [9]
says that the categories Crsn and Catn are equivalent. Namely, one has the following.
Theorem 1. There are inverse equivalences of categories
Crsn
n

n
Catn
given by
n(M)=
∨
A⊆〈n〉
MAupslope{h(a, b)= [a, b] for all a ∈MA, b ∈MB,A,B ⊆ 〈n〉},
M ∈ Crsn
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and
n(G)A =
⋂
i∈A
Ker si ∩
⋂
i /∈A
Im si, G ∈ Catn, A ⊆ 〈n〉.
Note that in this paper we mainly prefer to use crossed n-cubes instead of catn-groups,
except those cases when using of catn-groups will make things easier to understand.
The following example of a crossed n-cube appears naturally from normal (n+ 1)-ad of
groups.
Example 2. LetGbe agroup andN1, . . . ,Nn benormal subgroups ofG. LetMA=⋂i∈A Ni
for A ⊆ 〈n〉 (hereM∅ is understood to mean G); if i ∈ 〈n〉, deﬁne i : MA i∈A−→MA\{i}
to be the inclusion and given A,B ⊆ 〈n〉, let h : MA ×MB → MA∪B be given by
the commutator: h(a, b) = [a, b] for a ∈ MA, b ∈ MB . Then {MA : A ⊆ 〈n〉,i , h} is
a crossed n-cube, called the inclusion crossed n-cube given by the normal (n + 1)-ad of
groups (G;N1, . . . , Nn).
Now we give the notion of a crossed n-subcube, which is consistent with the categorical
notion of subobject in the category Crsn. We say that a crossed n-cubeM′ is a crossed
n-subcube ofM ifM′A is a subgroup ofMA, the homomorphism ′i :M′A →M′A\{i} and
the function h′ : M′A ×M′B −→ M′A∪B are the restrictions of i : MA → MA\{i} and
h :MA ×MB −→MA∪B respectively for every i ∈ 〈n〉, A,B ⊆ 〈n〉.
Moreover, a crossed n-subcubeM′ ofM is said to be a normal crossed n-subcube if
h(a, b′) ∈M′A∪B and h(a′, b) ∈M′A∪B for all a ∈MA, b′ ∈M′B , a′ ∈M′A, b ∈MB .
Let  : M → N be a morphism of crossed n-cubes and Ker  denote the family
{Ker A : A ⊆ 〈n〉} of groups, which essentially is a normal crossed n-subcube ofM.
Now we give the example which will play an important role in the sequel.
Example 3. LetN be a crossed n-cube and R1, . . . , Rm be normal crossed n-subcubes of
N. Let A ⊆ 〈m + n〉, A1 = A ∩ {n + 1, . . . , n + m}, A2 = A ∩ 〈n〉 and considerMA =⋂
j∈A1R
j−n
A2
(here ⋂j∈∅Rj−nA2 is understood to meanNA2 ); deﬁne i : MA i∈A−→MA\{i}
to be the inclusion
⋂
j∈A1R
j−n
A2
↪→ ⋂j∈A1\{i}Rj−nA2 if i ∈ A1 and to be induced by i :
R
j−n
A2
→ Rj−nA2\{i} if i ∈ A2; let h : MA ×MB → MA∪B be deﬁned naturally by
commutators and h-functions of the crossed n-cubesN, R1, . . ., Rm. Then {MA : A ⊆
〈n〉,i , h} is a crossed (m + n)-cube, called the crossed (m + n)-cube of groups induced
by the normal (m+ 1)-ad of crossed n-cubes (N;R1, . . . , Rm).
Note that for n= 0 this construction agrees with Example 2, if we assume that a crossed
0-cube is just a group.
It will be shown that the category Crsn is an algebraic category (see also [5]), that is,
there is a tripleable forgetful functor from Crsn to Set. In fact, we need only to construct
‘free’ cotriple in the category Crsn.
At ﬁrst we construct the adjoint pair of functors Crsn
U

F
Gr.
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Assume that the functor U : Crsn → Gr assigns to any crossed n-cubeM = {MA :
A ⊆ 〈n〉} the direct product of groupsMA, A ⊆ 〈n〉, i.e.,
U(M)=
∏
A⊆〈n〉
MA.
Now, deﬁne the functor F : Gr → Crsn as follows: for any group G, let F(G) denote
the inclusion crossed n-cube induced by the normal (n + 1)-ad of groups (∨A⊆〈n〉GA;
Ker p1, . . . ,Ker pn) (see Example 2), where
∨
A⊆〈n〉GA is the sum of groups GA = G,
A ⊆ 〈n〉 and
pi :
∨
A⊆〈n〉
GA −→
∨
B⊆〈n−1〉
GB, i ∈ 〈n〉,
are natural projections given by
pi =
{
1G : GA → GB if A ⊆ 〈n〉\{i},
0 otherwise,
where i : 〈n〉\{i} → 〈n− 1〉 is the unique monotone bijection.
Proposition 4. The functor F is left adjoint to the functor U .
To prove this propositionweuse the following easily veriﬁed facts requiring only care over
the notation. Given a crossed n-cubeM={MA : A ⊆ 〈n〉}, for anyB ⊆ 〈n〉 denote byMB
andMB the families {MA : A ⊆ 〈n〉, B ⊆ A} and {MA : A ⊆ 〈n〉, B∩A=∅} respectively.
ThenMB andMB have the structure of crossed (n− |B|)-cubes (see Proposition 5 [21]).
Proof of Proposition 4. We claim that for any group G, the homomorphism
u= {uA} : G −→
∏
A⊆〈n〉
F(G)A = UF(G),
where uA : G → F(G)A=
⋂
i∈AKer pi is given by the identity fromG toGA, is a universal
arrow from G to the functor U .
LetM be a crossed n-cube and let A : G →MA,A ⊆ 〈n〉 be homomorphisms deﬁning
a homomorphism  : G → ∏A⊆〈n〉MA = U(M). Then there is a commutative diagram
with splitting short exact sequences of groups:
Ker pi 
∨
A⊆〈n〉
GA
pi ∨
B⊆〈n−1〉
GB
˜i ↓  ↓ ↓i
n−1(M{i})  n(M)  n−1(M{i}),
where ∗ is the equivalence given in Theorem 1, i is induced by GB
A→MA with A ⊆
〈n〉\{i} such thati (A)=B,  is induced byGA A→MA,A ⊆ 〈n〉 and ˜i is the restriction of .
It is easy to see that the homomorphisms ˜i induce the homomorphisms ˜A :
⋂
i∈AKer pi →
n−|A|(MA).
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Now deﬁne the homomorphism ˜A :
⋂
i∈AKer pi →MA, A ⊆ 〈n〉 as the composition
of ˜A and A : n−|A|(MA) →MA given byMB
B\A→ MA for B ⊇ A, where B\A is the
composition of the homomorphisms ij , j=1, . . . , |B\A|, with any ij ∈ (B\A)\∪j−1k=1{ik}.
Finally, it is easy to verify that ˜= {˜A} : F(G) →M is the unique morphism of crossed
n-cubes with U(˜)u= . 
We denote by U1 : Gr → Set the usual forgetful functor and by F1 : Set → Gr its left
adjoint, the free group functor. Composing these two adjunctions,
Crsn
U

F
Gr
U1

F1
Set,
we deduce the following.
Proposition 5. The underlying set functor U = U1 ◦ U : Crsn → Set has a left adjoint
F= F ◦ F1 : Set → Crsn.
It is routine to verify that the category Crsn, n2, similarly to that of crossed modules
(i.e., n= 1) [4], has kernel pairs and coequalizers preserved and reﬂected by the functorU.
Then by Proposition 5 and Linton’s criterion on tripleability [17] the underlying set functor
U : Crsn → Set is tripleable.
It is well known for an algebraic categoryC the obvious inclusion functor of the category
of abelian group objectsAbC ↪→ C has left adjointAb : C → AbC, called the abelianiza-
tion functor, which plays a fundamental role in the description of homology of objects in
the category C. Namely, the kth homology of an object X ∈ C is deﬁned to beLkAb(X),
whereLkAb denotes the kth derived functor ofAb [22].
An abelian group object in Crsn, an abelian crossed n-cube, is a crossed n-cube whose h
maps are trivial [6]. The abelianization functor
Ab(n) : Crsn −→ AbCrsn, (1)
is given by:
(a) for A ⊆ 〈n〉
Ab(n)(M)A = MA∏
B∪C=A DB,C
,
whereDB,C is the subgroup ofMA generated by the elementsh(b, c),h :MB×MC →
MB∪C=A for all b ∈MB , c ∈MC ,
(b) if i ∈ 〈n〉, the homomorphism ˜i : Ab(n)(M)A → Ab(n)(M)A\{i} is induced by the
homomorphism i ,
(c) for A,B ⊆ 〈n〉, the function h˜ : Ab(n)(M)A × Ab(n)(M)B → Ab(n)(M)A∪B is
induced by h and therefore is trivial,
for anyM= {MA : A ⊆ 〈n〉,i , h} ∈ Crsn.
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The equivalent abelian group object to abelian crossed n-cube in the categoryCatn is just
a catn-group whose underlying group is abelian, which is called abelian catn-group (see
also [5]). Moreover, the abelianization functor
Ab(n) : Catn −→ AbCatn (2)
sends a catn-groupG= (G, si, ti) to the abelian catn-group (G/[G,G], si , ti), where si and
ti are induced by si and ti .
Given a crossed moduleM, the corresponding cat1-group (G, s, t) has an internal cate-
gory structure within the categoryGr. The objects are the elements of N = Im(s)= Im(t),
the morphisms are the elements ofG, the source and target maps are s and t. The morphisms
g and h are composable if t (g)= s(h) and their composite is h ◦ g = hs(h)−1g. The nerve
of this category forms the simplicial group E(M)∗ which is called the nerve of the crossed
moduleM [18] (see also [21]).
Now deﬁne the functor
E(m) : Crsn −→ SimplCrsn−m(the category of simplicial crossed (n-m)-cubes),
(3)
1mn, as follows: given a crossedn-cubeM, consider an associated catn-groupG, which
is equivalent to a crossed (n−m)-cube endowedwithm compatible category structures.Then
by applying the nerve structure E to the m-independent directions, this construction leads
naturally to anm-simplicial crossed (n−m)-cube. Then the simplicial crossed (n−m)-cube
E(m)(M)∗ is the diagonal of this m-simplicial crossed (n−m)-cube.
Note that this construction depends upon the sequence of the m-independent directions.
In Proposition 2 of [6] it is established that the abelianization of a crossed module com-
mutes with its nerve. We provide more general result for functors (1) and (3), which plays
essential role to obtain generalised Hopf formulas for the homology of crossed n-cubes.
Proposition 6. Let n0, m1 andM be a crossed (n + m)-cube. Then there is an iso-
morphism of simplicial crossed n-cubes
Ab(n)E(m)(M)∗E(m)Ab(n+m)(M)∗,
where E(m) functors in both sides of the isomorphism are applied to the same directions.
Proof. To simplify things, according to Theorem 1, instead of the crossed (n + m)-cube
M we use its equivalent object, catn+m-group,G= (G, si, ti)=n+m(M). The proof will
be done by induction on m.
Let m= 1 and n= 0, then the assertion reduces to Proposition 2 [6]. This case plays the
key role in the whole proof.
In fact, form=1, n1 and for the catn+1-groupG, let us ﬁx some k ∈ 〈n+1〉 and apply
the functorE(1) to this ‘direction’. By the deﬁnition, the simplicial catn-group ,E(1)(M)∗, is
just the simplicial groupE(1(G, sk, tk))∗ endowed with n compatible category structures
induced by the respective structural endomorphisms sj , tj (0jn + 1, j = k) of the
catn+1-group G. The fact that the abelianization of a catn-group is just the abelianization
of underling group endowed with induced structural endomorphism and our key fact above
completes the assertion in this case.
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Proceeding by induction, we suppose that the assertion is true for m − 1 and we will
prove it for m.
By the construction,E(m)(M)∗ is the diagonal of the bisimplicial crossed n-cube induced
by applying the crossed module nerve construction E(1) to the simplicial crossed (n+ 1)-
cube E(m−1)(M)∗. Hence one has
E(m)(M)k = E(1)(E(m−1)(M)k)k ,
for all k0. Using the inductive hypothesis one has isomorphisms
Ab(n)E(m)(M)k =Ab(n)E(1)(E(m−1)(M)k)kE(1)Ab(n+1)(E(m−1)(M)k)k
E(1)(E(m−1)(Ab(n+m)(M))k)k = E(m)(Ab(n+m)(M))k. 
Now we construct the cotriple homology of crossed n-cubes (catn-groups). We refer to
the work of Barr and Beck [1] for the background about cotriple (co)homology.
The above constructed pair of adjoint functors Set
F

U
Crsn induces the cotriple F ≡
(F, , 	) on the category Crsn by the obvious way: F =FU : Crsn → Crsn, 	 : F →
1Crsn is the counit and  =FuU : F → F2, where u : 1Set → UF is the unit of the
adjunction.
Using the general theory of cotriple homology due to [1], deﬁne the kth homology of
a given crossed n-cubeM as the (k − 1)th cotriple derived functor of the abelianization
functorAb(n)
Hk(M)=LFk−1Ab(n)(M), k1.
Let P be the projective class induced by the‘free’ cotriple F, namely X ∈ P if and only
if there exists a morphism  : X → F(X) such that 	X = 1X. It is well known that
derived functors relative to the cotriple are isomorphic to the derived functors relative to
the projective class induced by the cotriple [11]. Thus there is an isomorphism
LFkAb
(n)LPk Ab
(n)
.
Recall also that an object P of a category C is projective if given a regular epimorphism
f : XY , each morphism g : P → Y can be lifted to a morphism h : P → X such that
f h = g. We say that C has enough projective objects if any object X admits a projective
presentation, i.e., there exists a regular epimorphism P → X with P a projective object. If
C is a tripleable category with the adjunction Set
F

U
C, then F(X),X ∈ Set, is a projective
object and the natural morphism FU(C) → C, C ∈ C, is a regular epimorphism in C,
implying that C has enough projectives. It is also known that the projective class of all
projective objects in the algebraic categoryC coincides with the projective classP induced
by the adjunction and regular epimorphisms are just P-epimorphisms.
It is easy to check that if M∗ is a F-cotriple resolution of a crossed n-cube M, then
M
〈n〉\A∗ is a projective resolution ofM〈n〉\A for A ⊆ 〈n〉, A = 〈n〉. Hence
Hk(M)A =Hk(M〈n〉\A)〈|A|〉, k1.
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Therefore the interest of our investigation is the groupHk(M)〈n〉, which we denote by
Hk(M). If we deﬁne the functor  : Crsn → Gr by (M)=M〈n〉 forM ∈ Crsn, then
Hk(M)=LFk−1(Ab(n))(M), k1.
Now we consider the m-fold ˇCech derivatives of functors from the category of crossed
n-cubes to the category of groups, whilst the general situation has been dealt in [12] (see also
[6]). In particular, we give an explicit computation of them-fold ˇCech derived functors of the
functor Ab(n) : Crsn → AbGr, implying a purely algebraic approach to the homology
groups of crossed n-cubes from a Hopf type formula point of view.
Let m be a natural number. The subsets of 〈m〉 are ordered by inclusion. This ordered
set determines in the usual way a category Cm. For every pair (A,B) of subsets with
A ⊆ B ⊆ 〈m〉, there is the unique morphism 
AB : A → B in Cm.
Anm-cube of crossed n-cubes is a functorX : Cm → Crsn.Amorphism betweenm-cubes
X,Y : Cm → Crsn is a natural transformation  : X→ Y.
Note that a crossed n-cube of groups gives an n-cube on forgetting structure, but there is
a reversal of the role of the index A. The top corner of a crossed n-cube isM〈n〉, that in an
n-cube is X(∅).
Example 7. Let (M∗, d00 ,M) be an augmented simplicial object in the category Crsn. A
natural m-cube of crossed n-cubesM(m) : Cm → Crsn, m1 is deﬁned by the following
way:
M(m)(A)=Mm−1−|A| for all A ⊆ 〈m〉,
M(m)(
AA∪{j})= dm−1−|A|k−1 for all A = 〈m〉, j /∈A,
whereM−1=M, (k)= j and  : 〈m− |A|〉 → 〈m〉\A is the unique monotone bijection.
An m-cube of crossed n-cubes X determines a normal (m + 1)-ad of crossed n-cubes
(X(∅);R1, . . . , Rm), where Ri = KerX(
∅{i}), i ∈ 〈m〉. This (m+ 1)-ad will be called the
normal (m+ 1)-ad of crossed n-cubes induced by X.
Given anm-cube of crossed n-cubesX. It is easy to see that there exists a naturalmorphism
of crossed n-cubes X(A) A−→ limB⊃A X(B) for any A ⊆ 〈m〉, A = 〈m〉.
Deﬁnition 8. LetM be a crossed n-cube. An m-cube of crossed n-cubes X will be called
an m-presentation of the crossed n-cubeM if X(〈m〉)=M. An m-presentation X ofM is
called projective if the crossed n-cube X(A) is a projective crossed n-cube for all A = 〈m〉
and called exact if the morphism A is a regular epimorphism for all A = 〈m〉.
The following lemma is straightforward.
Lemma 9. Let (M∗, d00 ,M) be an augmented simplicial object in the category Crsn and
suppose that 0(M∗) =M. Then (M∗, d00 ,M) is an exact simplicial resolution ofM if
and only if the m-cube of crossed n-cubesM(m) is an exact m-presentation ofM for all
m1.
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Given a crossed n-cubeM and a morphism  : Q→M of the category Crsn. The ˇCech
augmented complex (Cˇ()∗, ,M) for  is the following augmented simplicial crossed
n-cube
· · ·
−→
...
−→
Q×M · · · ×MQ
−→
...
−→
· · ·
−→
−→
−→
Q×MQ −→−→ Q
−→ M,
thus
Cˇ()k = Q×M · · · ×MQ︸ ︷︷ ︸
(k+1)-times
for k0.
Now let X be an m-presentation of the crossed n-cube M. Applying Cˇ above, in the
m-independent directions, this construction leads naturally to an augmented m-simplicial
object in the category Crsn. Taking the diagonal of this augmented m-simplicial object
gives the augmented simplicial crossed n-cube (Cˇ(m)(X)∗, ,M) called an augmented m-
fold ˇCech complex for X, where = X(
∅〈m〉) : X(∅) →M. In case X is a projective exact
m-presentation of M, then (Cˇ(m)(X)∗, ,M) will be called an m-fold ˇCech resolution
ofM.
Deﬁnition 10. Let T : Crsn → Gr be a covariant functor. Deﬁne kth m-fold ˇCech derived
functorLm-foldk T : Crsn → Gr, k0, of the functor T by choosing for eachM in Crsn,
a projective exact m-presentation X and setting
Lm-foldk T (M)= k(T Cˇ(m)(X)∗),
where (Cˇ(m)(X)∗, ,M) is the m-fold ˇCech resolution of the crossed n-cubeM for the
projective exact m-presentation X ofM.
Note that by [12] (see also Theorem 16 [6]) the m-fold ˇCech derived functors are well
deﬁned.
Lemma 11. Let X be an m-presentation of a crossed n-cube of groups. There is an isomor-
phism of simplicial crossed n-cubes
Cˇ(m)(X)∗E(m)(N)∗,
whereN is the crossed (m+ n)-cube of groups given by the normal (m+ 1)-ad of crossed
n-cubes (X(∅);R1, . . . , Rm) induced by X.
Proof. Directly follows from Lemma 19 [6]. 
The following theorem gives the calculation of the mth m-fold ˇCech derived functors of
the functor Ab(n) : Crsn → AbGr ⊆ Gr.
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Theorem 12. LetM be a crossed n-cube and X its projective exact m-presentation. Then
there is an isomorphism
Lm-foldm (Ab
(n))(M)
⋂
i∈〈m〉Ri〈n〉 ∩
∏
B∪C=〈n〉[X(∅)B,X(∅)C]∏
A⊆〈m〉(
∏
B∪C=〈n〉[
⋂
i∈ARiB,
⋂
i /∈ARiC])
, m1,
where Ri = Ker(X(∅) → X({i})) for i ∈ 〈m〉.
Proof. Using Lemma 11, Lm-foldm (Ab
(n))(M)m(Ab(n)E(m)(N)∗), whereN is
the crossed (n+m)-cube of groups induced by the normal (m+ 1)-ad of crossed n-cubes
(X(∅);R1, . . . , Rm).HenceProposition6 implies an isomorphismLm-foldm (Ab(n))(M)
m(E(m)Ab
(n+m)(N)∗). Then, by Proposition 14 [6] (see also Proposition 3.4 [18]),
Lm-foldm (Ab
(n))(M)
⋂
l∈〈m〉
Ker(Ab(n+m)(N)〈n+m〉
˜l−→Ab(n+m)(N)〈n+m〉\{l}). (4)
Now we set up the inductive hypothesis. Let m= 1, then
L1-fold1 (Ab
(n))(M)
Ker
(
R1〈n〉∏
A⊆〈1〉(
∏
B∪C=〈n〉[
⋂
i∈ARiB,
⋂
i /∈ARiC])
−→ X(∅)〈n〉∏
B∪C=〈n〉[X(∅)B,X(∅)C]
)
= R
1〈n〉 ∩
∏
B∪C=〈n〉[X(∅)B,X(∅)C]∏
A⊆〈1〉(
∏
B∪C=〈n〉[
⋂
i∈ARiB,
⋂
i /∈ARiC])
.
Proceeding by induction, we suppose that the result is true for m− 1 and we will prove
it for m.
Let us consider l ∈ 〈m〉 and denote by X{l} the restriction of the functor X : Cm → Crsn
to the subcategory of Cm consisting of all subsets A ⊆ 〈m〉 with l /∈A. It is easy to check
that X{l} is a projective exact (m− 1)-presentation of the crossed n-cube X(〈m〉\{l}) which
itself is projective crossed n-cube. Since the values of m-fold ˇCech derived functors of any
functor for an object belonging to the projective class are trivial, our inductive hypothesis
implies that
L(m−1)-foldm−1 (Ab
(n))(X(〈m〉\{l}))

⋂
i∈〈m〉\{l}Ri〈n〉 ∩
∏
B∪C=〈n〉[X(∅)B,X(∅)C]∏
A⊆〈m〉\{l}(
∏
B∪C=〈n〉[
⋂
i∈ARiB,
⋂
i /∈ARiC])
= 1. (5)
Now from (4) and (5) one can easily deduce the required isomorphism. 
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Finally we give the proof of our main theorem which expresses the homology of crossed
n-cubes as Hopf type formulas generalising to that of recently obtained in [6] for the non-
abelian derived functors of group nilization functors and the Hopf formula for the second
CCG-homology of crossed modules [4].
Proof of Main Theorem. Let (F∗, d00 ,M) be a projective simplicial resolution ofM in
the category Crsn and consider the short exact sequence of augmented simplicial groups
1 1 1 1
↓ ↓ ↓ ↓
· · ·
−→
.
.
.
−→
D(Fm)
d˜m0,〈n〉−→
.
.
.
−→
d˜m
m,〈n〉
· · ·
−→
−→
−→
D(F1)
˜
d10,〈n〉−→
−→˜
d11,〈n〉
D(F0)
˜
d00,〈n〉−→ D(M)
↓ ↓ ↓ ↓
· · ·
−→
.
.
.
−→
Fm,〈n〉
dm0,〈n〉−→
.
.
.
−→
dm
m,〈n〉
· · ·
−→
−→
−→
F1,〈n〉
d10,〈n〉−→
−→
d11,〈n〉
F0,〈n〉
d00,〈n〉−→ M〈n〉
↓ ↓ ↓ ↓
· · ·
−→
.
.
.
−→
Ab(n)(Fm)
−→
.
.
.
−→
· · ·
−→
−→
−→
Ab(n)(F1) −→−→ Ab
(n)
(F0) → Ab
(n)
(M)
↓ ↓ ↓ ↓
1 1 1 1
,
where D(M) denotes the group
∏
B∪C=〈n〉[MB,MC] for any crossed n-cubeM.
By the induced long exact homotopy sequence, one has the isomorphisms of groups
mAb
(n)(F∗)
⋂m−1
i=0 Ker d˜
m−1
i,〈n〉
d˜mm,〈n〉(
⋂m−1
i=0 Ker d˜mi,〈n〉)
, m1. (6)
Since d˜mi,〈n〉 is the restriction of d
m
i,〈n〉 to D(Fm), Ker d˜
m
i,〈n〉 = Ker dmi,〈n〉 ∩D(Fm). Hence⋂m−1
i=0 Ker d˜
m−1
i,〈n〉 =(
⋂m−1
i=0 Ker d
m−1
i,〈n〉 )∩D(Fm−1) and
⋂m−1
i=0 Ker d˜mi,〈n〉=(
⋂m−1
i=0 Ker dmi,〈n〉)∩
D(Fm).
Since the shift of simplicial object F∗ is the contractible augmented simplicial object
(Dec(F∗), d10 , F0) (see [7]), by Lemma 9 the m-cube of crossed n-cubes Dec(F )(m) is a
projective exact m-presentation of F0. Hence, by Theorem 12 one has
Lm-foldm (Ab
(n))(F0)

⋂
i∈〈m〉Ker dmi−1,〈n〉 ∩
∏
B∪C=〈n〉[Fm,B, Fm,C]∏
A⊆〈m〉(
∏
B∪C=〈n〉[
⋂
i∈AKer dmi−1,B,
⋂
i /∈AKer dmi−1,C])
= 1, m1,
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implying the equality⋂
i∈〈m〉
Ker dmi−1,〈n〉
⋂ ∏
B∪C=〈n〉
[Fm,B, Fm,C]
=
∏
A⊆〈m〉
 ∏
B∪C=〈n〉
[⋂
i∈A
Ker dmi−1,B,
⋂
i /∈A
Ker dmi−1,C
] , m1, (7)
Since (F∗,〈n〉, d00,〈n〉,M〈n〉) is an aspherical augmented simplicial group, dmm,〈n〉(
⋂
i∈〈m〉
Ker dmi−1,〈n〉)=
⋂
i∈〈m〉Ker d
m−1
i−1,〈n〉,m1. Using this fact and Lemma 8 [6], by (7) it is easy
to see that one has an equality
d˜mm,〈n〉
(
m−1⋂
i=0
Ker d˜mi,〈n〉
)
= dmm,〈n〉
 ∏
A⊆〈m〉
 ∏
B∪C=〈n〉
[⋂
i∈A
Ker dmi−1,B,
⋂
i /∈A
Ker dmi−1,C
]
=
∏
A⊆〈m〉
 ∏
B∪C=〈n〉
[⋂
i∈A
Ker dm−1i−1, B,
⋂
i /∈A
Ker dm−1i−1, C
]
.
Thus by (6) one has
Hm+1(M)
(
⋂m−1
i=0 Ker d
m−1
i,〈n〉 ) ∩
∏
B∪C=〈n〉[Fm−1,B, Fm−1,C]∏
A⊆〈m〉(
∏
B∪C=〈n〉[
⋂
i∈AKer d
m−1
i−1, B,
⋂
i /∈AKer d
m−1
i−1, C])
.
Using again Lemma 9 and Theorem 12 completes the proof. 
Acknowledgements
The second and the third authors would like to thank the Universities of Santiago de
Compostela and Vigo for their hospitality during the work on this paper. The authors were
partially supported by NATO PST.CLG.979167. The second and the third authors were
supported by INTAS grant No 00 566 and the ﬁrst and the fourth were also supported
by MCYT, Grant BSFM 2003-04686-C02 (European FEDER support included). The third
author was also supported by INTAS Fellowship grant forYoung Scientists No 03-55-684.
References
[1] M. Barr, J. Beck, Homology and standard constructions, Lecture Notes in Mathematics, vol. 80, Springer,
Berlin, NewYork, 1969, pp. 245–335.
[2] H.J. Baues, Combinatorial Homotopy and 4-dimensional Complexes, De Gruyter, Berlin, 1991.
[3] R. Brown, G.J. Ellis, Hopf formulae for the higher homology of a group, Bull. London Math. Soc. 20 (1988)
124–128.
280 J.M. Casas et al. / Journal of Pure and Applied Algebra 200 (2005) 267–280
[4] P. Carrasco, A.M. Cegarra, A.R. Grandjeán, (Co)homology of crossed modules, J. Pure Appl. Algebra 168
(2002) 147–176.
[5] J.M. Casas, G. Ellis, M. Ladra, T. Pirashvili, Derived functors and homology n-types, J. Algebra 256 (2002)
583–598.
[6] G. Donadze, N. Inassaridze, T. Porter, n-Fold ˇCech derived functors and generalised Hopf type formulas,
K-theory Preprint Archives, 2003, http://www.math.uiuc.edu/K-theory/0624/.
[7] J. Duskin, Simplicial methods and the interpretation of triple cohomology, Mem. Amer. Math. Soc. 163
(1975).
[8] G.J. Ellis, Homology of 2-types, J. London Math. Soc. 46 (1992) 1–27.
[9] G.J. Ellis, R. Steiner, Higher dimensional crossed modules and the homotopy groups of (n+ 1)-ads, J. Pure
Appl. Algebra 46 (1987) 117–136.
[10] A.R.Grandjeán,M. Ladra, T. Pirashvili, CCG-homology of crossedmodules via classifying spaces, J.Algebra
229 (2000) 660–665.
[11] H. Inassaridze, Non-abelian Homological Algebra and its Applications, Kluwer Academic Publishers,
Amsterdam, 1997, 270pp.
[12] N. Inassaridze, N-fold ˇCech derived functors of group valued functors, Bull. Georgian Acad. Sci. 168 (2)
2003.
[13] H. Inassaridze, N. Inassaridze, Non-abelian homology of groups, K-Theory J. 378 (1999) 1–17.
[14] N. Inassaridze, E. Khmaladze, More about homological properties of precrossed modules, Homology,
Homotopy and Appl. 2 (7) (2000) 105–114.
[15] N. Inassaridze, E. Khmaladze, M. Ladra, Non-abelian homology of Lie algebras, GlasgowMath. J. 46 (2004)
417–429.
[16] M. Ladra, A.R. Grandjeán, Crossed modules and homology, J. Pure Appl. Algebra 95 (1994) 41–55.
[17] F.J. Linton, Some aspects of equational categories, in: Proceedings of the Conference on CategoricalAlgebra,
La Jolla, Springer, Berlin, 1966, pp. 84–94.
[18] J.-L. Loday, Spaces with ﬁnitely many non-trivial homotopy groups, J. Pure Appl. Algebra 24 (1982)
179–202.
[19] T. Pirashvili, On non-abelian derived functors, Proc.A. RazmadzeMath. Inst., GeorgianAcad. Sci. 42 (1979)
91–104 (in Russian).
[20] T. Pirashvili, Simplicial degrees of functors, Math. Proc. Camb. Phil. Soc. 126 (1999) 45–62.
[21] T. Porter, n-types of simplicial groups and crossed n-cubes, Topology 32 (1) (1993) 5–24.
[22] D. Quillen, Homotopical Algebra, Lecture Notes in Mathematics, vol. 43, Springer, Berlin, 1967.
[23] S. Shatz, Proﬁnite Groups, Arithmetic, and Geometry, Princeton University Press, Princeton, NJ, 1972.
[24] J.H.C. Whitehead, Combinatorial homotopy II, Bull. Amer. Math. Soc. 55 (1949) 453–496.
